The objective of this work is to analyze wave packet propagation in weakly nonlinear acoustic metamaterials and reveal the interior nonlinear wave mechanism through spectro-spatial analysis. The spectro-spatial analysis is based on full-scale transient analysis of the finite system, by which dispersion curves are generated from the transmitted waves and also verified by the perturbation method (the L-P method). We found that the spectro-spatial analysis can provide detailed information about the solitary wave in shortwavelength region which cannot be captured by the L-P method. It is also found that the optical wave modes in the nonlinear metamaterial are sensitive to the parameters of the nonlinear constitutive relation. Specifically, a significant frequency shift phenomenon is found in the middle-wavelength region of the optical wave branch, which makes this frequency region behave like a band gap for transient waves. This special frequency shift is then used to design a direction-biased waveguide device, and its efficiency is shown by numerical simulations.
Introduction
Among the many avenues of current research interest in the quest for enhancing the properties of engineering structures and materials, acoustic metamaterials (AMs) are a very promising candidate [1e11] . AMs are, broadly speaking, materials with man-made "microstructures" that exhibit unusual elastic wave propagation behavior not found in natural materials. They derive their advantageous dynamic properties not just due to the constituent material compositions but more so due to their engineered microstructural configurations. Inasmuch as the underlying physics involved in realizing the unusual behavior displayed by AMs is well-understood and straightforward, the physical consequences resulting from their engineered microstructural configurations are nonetheless advantageous and without precedent. The development of AMs for engineering structural applications may thus be viewed as a new design philosophy with a unified focus on tailoring their form, function and performance using microstructural configurations across length-scales [12] .
where d is the displacement of the spring.
The equations of motion for the mass-in-mass system in the absence of external forces can be written as
The lowest order recovers the governing equation of the corresponding linear AM and the higher order expansions manifest as a heterogeneous form of the linear system with the nonlinear terms acting as the forcing function. The frequency correction for each order of nonlinearity is then obtained by enforcing the requirement of non-secular solutions.
The harmonic solution for the linear system can be assumed as 
where
. For nontrivial solutions, the dispersion relation of the linear wave can be determined as
It can be proved that Eq. (10) yields two positive real roots, the smaller one corresponds to the acoustic branch of the system and denoted as U 0ac , while the larger one to the optical branch denoted as U 0op . The governing equations for a ¼ 1 can be rewritten as 
n ¼ c 1 e ink e it þ c 2 e 3ink e 3it þ c:c 
Gð1 À cos kÞ
In Eq. (12), the superimposed asterisk denotes complex conjugate. The forcing term with spatial form e ink on the righthand side of Eq. (11a) is secular and must be eliminated. Hence, by setting c 1 ¼ 0, we obtain
Finally, for a weakly nonlinear mass-in-mass chain, the reconstituted dispersion relation is then given as Fig. 2 shows the dispersion curves in the nonlinear mass-in-mass system predicted by the L-P method. In the figure, the normalized parameters of the mass-in-mass system is selected as m 2 ¼ 1; k 2 ¼ 1; u d ¼ 10 3 rad=s and the parameters of the nonlinearity being εGjA 0 j 2 ¼ 0 and εGjA 0 j 2 ¼ 0:06, respectively, to represent the linear and nonlinear AMs. To validate the analytical solution, a full-scale transient analysis of finite mass-in-mass chains is also conducted to obtain the numerical dispersive curves in the nonlinear mass-in-mass system (see the next section), which is also plotted in Fig. 2 . The way in which the numerical dispersion curves shown are created is provided in a flow chart given in Appendix A. It can be clearly noticed from Fig. 2 that the L-P method can accurately predict the dispersion relation of the weakly nonlinear mass-in-mass system, including both acoustic and optical wave modes. Comparing with the acoustic wave mode, the optical mode is much more sensitive to the stiffness nonlinearity, especially for the higher wavenumber. Particularly, there is a frequency "gap" (which will be named as pseudo gap in the following) in the middle of the optical-mode wave branch, in which the unique frequency shift is actually observed for the propagating wave packet with the frequency band in the range of 1:78 < U < 2:12, which cannot be captured by using the L-P perturbation method. That is understandable because although the L-P method is capable of predicting the dispersion relation of plane waves, it fails to capture the evolution of wave packets in nonlinear AMs. In the following section, we will show that a wave packet in this frequency range propagating in the nonlinear chain with local motions will evolve into pieces of wave packets: A high-frequency solitary wave and some low-frequency wave packets. This distinct wave packet evolution phenomenon is the underlying mechanism for the formation of the pseudo-gap.
Spatial wave analysis of nonlinear acoustic metamaterials
To address the problem, the spatial characteristics of wave packet propagation in nonlinear AMs are studied by a transient wave analysis [27] . Consider a finite mass-in-mass system with 500 unit cells, as shown in Fig. 3 . The perfectively matched layer (PML) [17] is adopted on both ends of the chain. The PML is composed of a gradually varied damped (linear viscous) chain, so that the incoming wave will be efficiently absorbed and dissipated while minimizing wave reflection on each end. The PML damping profile is chosen as [17] CðnÞ ¼ C max n N pml ! 3 (15) where CðnÞ is the damping coefficient at the cell n with n starting from 1 at the beginning of the PML and ending at N pml , C max represents the maximum damping coefficient on the PML. The input signal is a Hann modulated N cy -cycle burst to ensure the excitation of a minimal band of frequencies centered at a prescribed carrier frequency and enable the signals with quasimonofrequency content. The functions of the initial displacement and velocity are 
The numerical integration routine of MATLAB, ODE45, is used to integrate the nonlinear system. The 2D-FFT (Fast Fourier Transform) of the time-space response is evaluated to numerically determine the dispersion relation. The wavenumber and frequency corresponding to the maximum spectral amplitude of the 2D-FFT are determined by sweeping wave frequencies at the desired range to numerically determine the dispersive curve, as plotted in Fig. 2. 
Spatial characteristics of wave motion
To monitor the wave spatial evolution of the input signal, consider the transient wave propagation in the finite mass-inmass system, shown in Fig. 3 . The initial condition is described by Eqs. (16) and (18), with carrier cycle N cy ¼ 7. For both the acoustic mode and the optical mode, three initial wavenumbers are chosen as k ¼ p=9, k ¼ p=2 and k ¼ 7p=9. In the simulation, the propagation time of acoustic-mode wave is set to be T simulate ¼ 2 s and the propagation time of optical-mode wave is chosen to be T simulate ¼ 0:8 s.
The acoustic-mode wave packet at the end of simulation is plotted in Fig. 4 for different nonlinearities (nonlinear parameters being εGjA 0 j 2 ¼ 0 (linear system), εGjA 0 j 2 ¼ 0:03 and εGjA 0 j 2 ¼ 0:06, respectively) and different wavenumbers. In Fig. 4 , the vertical coordinate is the normalized displacement u=A 0 . From Fig. 4 (a)e(c), it is observed that, for very small wavenumbers k ¼ p=9 , the wave packet is unaffected by dispersion and travels through the system without any distortion. The effect of nonlinearity on the wave packet is also negligible in this region. As the wavenumber is increased to k ¼ p=2 and k ¼ 7p=9, dispersion-associated distortion is observed in the linear system in the form of stretching of the wave packet and decrease of amplitude. At the same time, it can be noticed that stretching of the wave profile with a significantly different distribution of amplitude is observed with the increase of the magnitude of nonlinearity. The generated wave packet in the nonlinear mass-in-mass chain exhibits two distinctive features: A low-amplitude distributed feature and a high-amplitude localized feature. The high-amplitude localized wave is a solitary wave resulting from the interplay between nonlinearity and dispersion [27] . The optical-mode wave packet at the end of simulation is plotted in Fig. 5 for different values of nonlinearity and different wavenumbers. Similarly, it is found that, for very small wavenumber k ¼ p=9, the wave packet is not dispersive and almost unaffected by nonlinearity. However, for optical-mode wave packet with wavenumber k ¼ p=2, the behavior of the wave packet is totally different from that of acoustic mode with the same wavenumber, since its distortion becomes more obvious in the form of stretching of the wave packet and reduction of amplitude as the nonlinearity is increased. Furthermore, we observe that the initial wave packet now evolves into pieces of wave packets, among which there is a relatively highamplitude localized component which is a solitary wave which will be shown in the following section. These wave packets have different group velocities, implying that they may possess different frequency components.
In summary, for the acoustic-mode wave packet with wavenumber k ¼ p=2 or k ¼ 7p=9, as well as the optical-mode wave packet with wavenumber k ¼ 7p=9, propagating wave in nonlinear chain has two features, the first one is high-amplitude localized wave and the other one is a low-amplitude distributed wave. Furthermore, the amplitude of the initial wave packet is preserved as the wave travels through the nonlinear AM, i.e., the maximum amplitude of the wave packet at the end of simulation is almost equal to the maximum amplitude of the initial wave packet. This conservation of maximum amplitude is attributed to the interplay between nonlinearity and dispersion, leading to the formation of solitary waves. This phenomenon will be studied in-depth in the following sections. It is also noticed that, for nonlinear wave propagation, the distribution of spatial stretch of wave packet is non-smooth, from which we can expect that the distribution of spectral amplitude is non-smooth. In the following section, the distribution of spectral amplitude is investigated by monitoring the short-space characteristics of the spatiotemporal evolution of wave motion.
Short-space spectral characteristics of wave motion
The Short Term Fourier Transform (STFT) method is then utilized to study the evolution of spectral characteristics of the wave packet in space and time. Only the space-dependent wavenumber/frequency characteristics are monitored since the amplitude of super-harmonics generated in the nonlinear system is negligible. A Hann window is used to contain the shortspace components and its length is chosen to be equal to the length of the initial burst for measurement of the wave distortion [27] . In the study, we focus on the spatiotemporal analysis of optical-mode wave propagating in the linear and nonlinear systems. Fig. 6 shows the spatial spectrograms of the optical-mode wave in different nonlinear metamaterial systems for two distinct wavenumbers k ¼ p=2 and k ¼ 7p=9 in the Brillouin zone. For the wavenumber k ¼ p=9, the spatial spectrograms are not presented since it can be deduced directly from Fig. 5(B-c) that the initial band of frequencies is preserved in both linear and nonlinear AMs. The region between the two white dashed lines denotes Hann window. In Fig. 6(a) , the wavenumber content of the wave packet at the end of the simulation is a little distorted compared with that of the initial wave packet, which means the wave packet is slightly more dispersive. In Fig. 6 (b) and (c), the wavenumber content at the end of the simulation is distorted severely. Particularly, the spectrograms in Fig. 6 (b) clearly show the existence of three wave packets.
The first packet has low-wavenumber/frequency components and is dispersive. The wavenumber components of the second packet are in the Hann window and are also dispersive. Finally, the last wave packet is nondispersive according to the energy density distribution, localized in a region higher than the Hann window. In the following section, the 2D-FFT simulation results will show that the third wave packet is a solitary wave. We can also observe multiple wave packets from the spectrograms in Fig. 6 (c), including some dispersive wave packets and a nondispersive localized wave packet, which is a solitary wave. We can further observe that most of the energy density is located outside the Hann window, indicating a strong frequency shift of the initial wave packet. Such evolution of the wave packet into pieces of wave packets accompanied with a strong frequency shift is the direct cause of a pseudo-gap. For the case of k ¼ 7p=9 (see Fig. 6 (def)), extra-frequency/ wavenumber content out of the Hann window is also generated, although the main frequency content is not shifted. As also shown in Fig. 6 (def), spectral amplitude is distributed over the length of the distorted wave in the linear metamaterial system whereas localization of the initial frequency content is observed in nonlinear system. The spectrograms in Fig. 6 have shown that the interplay of dispersion, nonlinearity and local motions may localize or shift the frequency content of the signal, enhance the distortion of the frequency content or even divide the initial signal into pieces of wave profiles by generating extra frequency bands. As the wavenumber is increased, the localization of spectral content is more prominent and the difference in the distribution of spectral amplitude between linear and nonlinear systems is clearly demarcated.
Spectral characteristics of wave motion
In order to numerically reconstruct the dispersion curves, the wavenumber and frequency corresponding to the point of maximum spectral amplitude were determined from the wave field of each numerical simulation. In contrast, one could monitor the complete spectrum in the neighborhood of the carrier frequencyewavenumber pair with the objective of studying the profile of the entire spectral content of the wave. Fig. 7 shows the contour lines of the spectral amplitude function U(x, U) of optical-mode wave for different values of nonlinearity in two points of the Brillouin zone as k ¼ p=2 and k ¼ 7p=9. Figs. (B-c) ), the spectral contour lines in linear system ( Fig. 7(a) ) present as a quasi-linear profile, which indicates that the wave propagation is nearly undistorted. However, the spectral contours of this wave packet propagating in the nonlinear chain with εGjA 0 j 2 ¼ 0:03 ( Fig. 7(b) ) have three distinct spectral features: A dominant linear contour profile above the initial frequency band, a quasi-linear contour profile in the initial band, and a nonlinear contour profile below the initial band. From the comparison of Fig. 7(b) with Fig. 6(b) we can conclude that: 1) the lowest wave packet in Fig. 6(b) is dispersive because its spectral contour profile is nonlinear; 2) the wave packet in the Hann window (i.e. the initial frequency band) is weakly dispersive; 3) the wave packet above the Hann window is a solitary wave since its spectral contour profile is linear, which means it has a constant group velocity and consequently can propagate with an unchanged waveform. Furthermore, most of the wave energy density is confined within the solitary wave as well as the dispersive wave packets with frequency components below the initial band. This observation phenomenologically illustrates the mechanism of the formation of pseudo-gap. A wave packet with frequency in the pseudo gap will evolve into several pieces of wave packets, including a solitary wave and multiple dispersive wave packets. These wave packets with frequency components distributed out of the initial frequency band possess most of the wave energy. Thus, within the Hann window the energy of the received wave packet at the end of the simulation is much weaker than the initial wave energy, making the wave packet look like being attenuated. We should emphasize here that such a pseudo-gap mechanism is not a real band gap, because the 'missing' energy of the input wave packet is not dissipated or captured by the local resonance. Instead, most of the wave energy is transferred out of the initial wavenumber/frequency range.
For the short wavelength optical-mode wave k ¼ 7p=9 (Fig. 7(def) ), the nonlinear contour profile in linear chain is observed, and there are also two distinctive spectral features in the nonlinear system, one is a dominant linear contour profile while the other is a nonlinear contour profile. The linear contour profile represents solitary wave, while the nonlinear contour leads to distortion. The spectral contours of the nonlinear chain in Fig. 7 are qualitatively different from the nature of the global dispersion curve observed in Fig. 2 . In order to enunciate the global dispersive characteristic of the nonlinear system, the dispersion curves are regenerated with the complete spectral content instead of using the maximum spectral amplitude, i.e., the superposition of multiple bursts is performed to reconstruct the global dispersion curve.
The global dispersion curves of the optical wave modes for different magnitudes of nonlinearity are shown in Fig. 8 (nonlinear parameters being εGjA 0 j 2 ¼ 0 and εGjA 0 j 2 ¼ 0:06, respectively). For the comparison, the dispersion curves predicted by the L-P method is also plotted in the figure. Fig. 8(a) depicts the case of the linear system. It is observed that the reconstructed global dispersion curve from the consecutive spectral contours almost overlap with the linear dispersion curve predicted by the L-P method. For the nonlinear chain with εGjA 0 j 2 ¼ 0:06 ( Fig. 8(b) ), consecutive spectral contours do not exactly overlap to form a single curve. It indicates that there is no difference between the spectral contours and the predictions by the L-P method in nonlinear wave propagation in the long wavelength limit. However, as the wavenumber is increased, the evolution of spectral contours in the nonlinear AMs becomes significantly different from the prediction by the L-P method. Two distinct features of the spectral contours are observed: strong linear contour profiles and a much weaker but nonlinear contour profile. The nonlinear contour profile is consistent with the prediction from the L-P method for linear system, and strong linear profiles standing for solitary waves are caused by the interplay between the nonlinearity and dispersion. It should be pointed out that the maximum spectral amplitude points in each linear profile locate in the dispersion curve of nonlinear AM chain predicted by L-P method, which in turn is used in Fig. 2 to indicate the validity of L-P method in prediction of spectral features of nonlinear AM chain. In Fig. 8(b) as well as Fig. 7(b), (c) , (e), and (f), we observe that solitary waves only exist in the short wave region rather than the long wave region. The multiple scales method [18, 28] has been employed to theoretically confirm that solitary waves are indeed located in the short wave region and the induced solitary wave is an envelope soliton for the wave number k > 1:63, and the detailed derivation can be found in Appendix B.
Direction-biased waveguide
Direction-biased wave guide devices have attracted numerous interest these years [30, 31] . Nonlinearities in structures have been utilized to construct waveguides having such direction-sensitive propagation behavior. For example, Ma et al. [32] used a cubically nonlinear oscillator attached to a linear periodic lattice by taking advantage of the up-conversion of frequencies due to the generation of higher harmonics to create an acoustic rectifier. Liang et al. numerically [33] and experimentally [34] demonstrated an acoustic diode formed by coupling a linear super lattice with a strongly nonlinear medium. The Zeeman effect, which is commonly applied to achieve nonreciprocal electromagnetic propagation, was introduced by Fleury et al. [35] to break the wave transmission reciprocity among the three acoustic inputs and outputs of a circulator, which consists of a resonant ring cavity biased by a circulating fluid.
With the knowledge of wave frequency shift in the optical-branch of dispersion curve in the nonlinear system, it is possible to construct a direction-biased waveguide to estimate the magnitude of nonreciprocal wave. In the study, the acoustic diode is designed and constructed by combining a finite nonlinear AM system with a finite linear AM system. Fig. 9 illustrates schematics of the wave rectification mechanism by using the nonlinear AM system. The acoustic diode is designed so that the frequency edges of the pseudo gap of the nonlinear AM overlap those of the band gap in linear AM. The excitation signal is a transient wave packet with frequency band in the pseudo gap of the nonlinear chain (or the band gap of the linear chain). If such an excitation signal is applied on the left side (nonlinear chain) of the system, significant frequency shift occurs and therefore the transformed wave can propagate in the system. However, the signal excited on the right side (linear chain) of the system cannot propagate because the frequency band of the signal is within the band gap frequency range of the linear system. In this way, a unidirectional transmission of wave packet is achieved. Consider a device composed of a nonlinear mass-in-mass chain with 350 unit-cells and a linear mass-in-mass chain with 150 cells, as shown in Fig. 10 . In order to reduce the impedance mismatch between the linear and nonlinear system, the outer masses m L1 in linear chain are assumed to be equal to those (m 1 ) in nonlinear chain. The parameters of the nonlinear system are m 2 ¼ 1; k 2 ¼ 1; εGjA 0 j 2 ¼ 0:06, and the parameters of the linear system are
2939, so that the pseudo gap of the nonlinear chain overlaps the band gap of the linear chain. Therefore, the frequency range of the band gap for the linear system and the pseudo gap for the nonlinear chain is 1:929 < U < 2:074, and the frequency range of the band gap for the nonlinear system is 0:874 < U < 1:414. The excitation signal is selected as Fig. 9 . Conceptual diagrams of unidirectional acoustic device. Forward configuration: driving on the nonlinear AM side, the significant frequency shift are generated and thus wave transmit through system. Reverse configuration: driving at the linear chain, the band gap filters out vibrations at frequencies in the gap. It should be mentioned that the location and width of the conversion region are determined by the system parameters, the amplitude of nonlinear parameter εGjA 0 j 2 and the cycle number N cy ¼ 60 of the excitation bursts. The propagation time of the signal in the system is set as t simulate ¼ 2 s, which is long enough for the main passable signal to propagate through the system. The input and output displacement histories for the left to right and right to left propagation is shown in Fig. 11 . As can be seen, the output for an input signal with central frequency U ¼ 2 for left to right preserves large amounts of wave energy, however, the total wave attenuation can be observed for right to left wave propagation. The frequency spectra of the input and output displacement, as shown in Fig. 12 , reveal that the excitation frequency components are tailored when the wave is propagated from left to right. As the wave passes first through the nonlinear system, it permits propagation due to the shifting of the optical mode to lower and higher frequencies as predicted before. Therefore, after traversing the nonlinear system, the propagated wave has a predominant frequency content out of the bandgap frequency range of the linear system and the resultant output at the right end of the device retains the high wave amplitude while its frequency content is shifted significantly as evidenced from its spectrum in Fig. 12 (a) . In contrast, the wave cannot be propagated from the right to left in the device, which acts as direction-based waveguide for mechanical waves. Finally, to evaluate the efficiency of the device for the nonreciprocal wave, the normalized energy flux density P n of the n-th outer masses of the input and output signals are determined by
and the wave transmission ratio can be defined as (21) where P in represents the input energy flux density and P res is the flux density of the respond signal received at the other end of the device, T Last is the ending time of simulation. It can be found that for the wave from left to right, the wave transmission ratio is as high as a þ ¼ 0:585, whilst for the reverse direction, the transmission ratio is as low as a À ¼ 1:178 Â 10 À5 . The asymmetric ratio s ¼ a þ =a À is an important parameter in quantifying the transmission asymmetry of an acoustic diode. The device designed in Ref. [30] possesses an asymmetric ratio sz10 4 with a time-averaged energy transmission coefficient of~0.35%. In Ref. [33] , the asymmetry ratio of the reported device is sz10 4 , with a weak energy transmission coefficient of $ 10 À3 . A high asymmetric ratio of sz10 6 was experimentally obtained in Ref. [31] with a wide operating band (10 kHz) and an audible effect. Among the three ports of the compact circulator designed in Ref. [35] , an isolation of 40 dB between two ports is obtained, while the transmission value in the other propagation direction lies close to 1. The acoustic diode proposed here exhibits a large asymmetric ratio of sz5 Â 10 5 , together with a high energy transmission of 58:5%.
Since our acoustic diode is designed such that it has a large asymmetry ratio along with a high forward transmission ratio, the band gap of the linear chain exactly overlaps the frequency range of the input signal. Thus, it has a high efficiency only for a certain narrow frequency range. As a result, its robustness in terms of working frequency is not satisfactory. However, by broadening the width of the band gap range of the linear chain, we immediately improve the robustness of the acoustic diode, but at the cost of reducing the forward transmission ratio. In the previous section, we have shown that when a wave packet with central wavenumber/frequency range located in the pseudo-gap is lunched in the nonlinear chain, a relatively highamplitude solitary wave as well as multiple wave packets with frequency components located outside the pseudo-gap will be induced. Then, if we make the band gap range of the linear chain in Fig. 10 overlap the range of the pseudo-gap, an acoustic diode with a broad operating frequency range, large asymmetric ratio, and relatively high forward transmission ratio can be achieved. Thus, understanding the mechanism of the pseudo-gap can offer valuable guidance for the design of highperformance acoustic diodes.
Conclusion
Wave packet propagation of nonlinear acoustic metamaterials with nonlinear stiffness in the microstructure is studied using approximate analytical models and numerical simulations. The spatial and spectral features of wave propagation in each case have been monitored to study the interplay between nonlinear, dispersion and local resonance mechanisms in wave packet propagation. The analysis is based on full-scale transient analysis of the finite system, from which dispersion curves are generated from the transmitted waves, which is also verified by the perturbation methods. The evolution of spatial and spectral features is monitored using spatial-spectrogram analysis and 2D FFT simulations, and the interplay of dispersive and nonlinear and local resonance mechanisms in the process of waveform distortion is evaluated. In general, it can be concluded that nonlinearity gives rise to nondispersive features in wave propagation. It is also found that the optical wave modes propagating in the nonlinear metamaterial are sensitive to the parameters of the nonlinear constitutive relation and significant wave shift phenomena is found. Specifically, a strong frequency shift phenomenon is observed for a transient wave packet with frequency located in the pseudo gap. Such wave packet evolution into pieces of wave packets with a strong frequency shift is a distinctive characteristic of wave packet propagation in nonlinear chains with local resonance. Finally, the feasibility of the nonlinear acoustic metamaterials for direction-biased waveguides is numerically demonstrated and good behavior of the acoustic diode is observed i.e., the asymmetric coefficient is sz5 Â 10 5 , with good energy transmission of forward configuration, as large as 58:5%, much more effective than most of the existing designed acoustic rectifiers.
The solution to Eq. (B-7) 1 can be obtained as u 0 n;n ¼ Aðx n ;tÞe if n þ c:c;
In view of Eq. Then u 1 n;n could be set zero, i.e. u 1 n;n ¼ 0, and the solution of v 1 n;n is where m is a parameter that controls the depth of the modulation of the amplitude 0 m 1. The center amplitude is maximum at m ¼ 0, decreases with the increasing m, and vanishes at m ¼ 1 [16] . Fig . B1 shows the value of PQ as a function of k in the optical branch. In the range of 1:63 < k p, the system has envelope soliton solutions because PQ is positive. In the contrast, in the range of 0 k < 1:63, the system has no envelope soliton solutions because of negative PQ but could have dark solitons. An envelope soliton can be induced by lunching a wave packet. However, the dark soliton cannot be induced by lunching a wave packet with finite wavelengths. In the study, only envelope solitons whose wavenumber in the range of 1:63 < k p can be induced in the nonlinear mass-in-mass chain by lunching a wave packet, and this explains why solitary waves observed in Fig. 8 only exist in the short wave region.
